We introduce an improvement to the Hubbard U augmented density functional approach known as DFT+U that incorporates variations in the value of self-consistently calculated, linear-response U with changes in geometry. This approach overcomes the one major shortcoming of previous DFT+U studies, i.e., the use of an averaged Hubbard U when comparing energies for different points along a potential energy surface is no longer required. While DFT+U is quite successful at providing accurate descriptions of localized electrons (e.g., d or f) by correcting self-interaction errors of standard exchange correlation functionals, we show several diatomic molecule examples where this position-dependent DFT+U (R) provides a significant two-to four-fold improvement over DFT+U predictions, when compared to accurate correlated quantum chemistry and experimental references. DFT+U (R) reduces errors in binding energies, frequencies, and equilibrium bond lengths by applying the linear-response, position-dependent U (R) at each configuration considered. This extension is most relevant where variations in U are large across the points being compared, as is the case with covalent diatomic molecules such as transition-metal oxides. We thus provide a tool for deciding whether a standard DFT+U approach is sufficient by determining the strength of the dependence of U on changes in coordinates. We also apply this approach to larger systems with greater degrees of freedom and demonstrate how DFT+U (R) may be applied automatically in relaxations, transitionstate finding methods, and dynamics.
I. INTRODUCTION
Transition metals play key roles in a variety of biological and inorganic complexes, but theoretical understanding of these systems is often limited by the shortcomings of firstprinciples computational approaches. Exchange-correlation functionals that incorporate approximations based on the Hubbard model, [1] [2] [3] [4] referred to generally as DFT+U, have been widely used in the solid-state physics community to treat strongly correlated systems. 5, 6 We have demonstrated [7] [8] [9] [10] that such an approach can very accurately treat transitionmetal complexes, 11, 12 where only one or few transition-metals are involved (see Ref. 13 for a comparison to different functionals). DFT+U achieves high accuracy by correcting selfinteraction errors of standard local or semi-local exchange correlation functionals with Hartree-Fock-like treatments on a localized set of atomic orbitals. In addition, the appropriate strength of this local correction can be determined fully from a first-principles, linear-response formulation. 4 A rotationally invariant formulation of DFT+U (Refs. 3, 4, and 7) adds a Hubbard term of the form
where n I σ is the occupation matrix of the localized manifold(s) at site I with spin σ . This functional form, which is tied to the exact correction needed for simple exchangecorrelation functionals in the limit of an atomic system, 4, 14 a) Electronic mail: hkulik@stanford.edu.
penalizes fractional occupations and approaches zero as n approaches 0 or 1. We determine the occupations of localized atomic levels that enter into E U by projection onto an atomic basis.
It has been shown 4 that U may be calculated directly from linear response,
where χ IJ is the response function obtained from applying an arbitrary shift α J to the potential on the site J that results in a reorganization of the occupations n I on site I. 15 A similar expression may be obtained for the non-interacting case, χ 0 , as a linear shift in the potential can still result in rehybridization that must be removed from our overall expression to determine U. The final U value is then obtained as
where χ is simply a scalar if we are only interested in a single manifold and site or it becomes a matrix in the case of multiple sites or manifolds. We stress that U is calculated fully from first-principles as a system-dependent property and not used as a fitting parameter in any way (as an example, see Table I ). A recent extension to the DFT+U approach focuses on inclusion of inter-site interactions, 16 which may play an important role in cases where strong 3d hybridization occurs with neighboring atoms. 17 It is possible to calculate U exactly for any configuration, and we often find the variations in the linear-response U to be quite significant. In the worked example we describe throughout, a 1 Å range have values of U that differ by over 5 eV (see Table I ). 18 Nevertheless, a drawback of the DFT+U approach retains significance: there is no constant-U global potential energy surface, but there are instead locally correct but distinct potential energy surfaces (PES), as we show in Figure 1 . One curve, e.g., U = 6 eV (shown in dark blue), is locally correct for points where the bond distance is slightly less than the minimum, but it is incorrect elsewhere, e.g., at dissociation. In order to obtain a highly accurate global potential energy surface, we need to take into account the fact that U is dependent on R, but previous approaches have merely incorporated these variations by obtaining global or local averages of U in a constant-U DFT+U approach.
It is also possible to iteratively calculate U to obtain a structurally consistent U: the generalized gradient approximation (GGA) optimized structure is typically used to determine the linear-response U 0 , but we can then relax the structure at that U 0 and recalculate a linear-response U on this new structure to incorporate structural variations into an improved calculation of U. 19 The practical complications of a constant, averaged DFT+U approach include underestimation of reaction barriers and dissociation energies and stabilization of weakly bound geometries. Inclusion of a structurally consistent U can improve upon the latter complication but it cannot address the other two issues. We now introduce an improved approach that addresses the concerns of a constant-U DFT+U approach by incorporating variations of U with position, R, that we refer to as DFT+U (R). In DFT+U (R), we interpolate across first derivatives of the DFT+U energy at different values of U (see Figure 2) . We also require the calculation of the variation of U with R either directly at each position being compared or through calculation of dU /dR, as we will later show is possible.
One can write the correct expression for the total first derivative of the energy in a manner that explicitly incorporates variations of U with R,
where the first term is simply the Hellmann-Feynman force calculated in any standard electronic structure calculation 20 and the second term is the difference in DFT+U (R). The derivative of the U-dependent component of the total energy expression with respect to U is simply, we integrate to get an expression for E,
In Figure 2 , the first derivatives of constant-U DFT+U total energies for a 4 
FeO
+ all follow a similar trend. The correct expression for the DFT+U (R) first derivative incorporates variations of U with R and is a smooth interpolation between constant-U curves in Figure 2 . Upon integration, we obtain a smooth potential energy curve that incorporates variations in U and, in this case, resembles a high U DFT+U curve at short internuclear separation and a low U curve at high internuclear separation as a result of the form of the variation of U with position.
In this article, we will demonstrate that we can not only calculate changes in U with interatomic distance but also derive a gradient of U that enables a calculation of the potential need for a DFT+U (R) approach for any given system. We will apply this approach to several small diatomic molecules of varying composition as well as demonstrate the extension to polyatomic systems. This U (R) extension to standard DFT+U is also related to ideas of range-separation in exchange-correlation functionals that vary the amount of Hartree-Fock exchange in the functional based on a distance constraint. 21, 22 
II. METHODS
Plane-wave, density functional calculations were completed with the QUANTUM-ESPRESSO package 23 using the Perdew-Burke-Ernzerhof (PBE) (Ref. 24 ) GGA. We augmented this standard GGA functional with a self-consistent, linear-response, Hubbard U term, as previously outlined. 4, 7 New extensions to the standard DFT+U approach presented here are also implemented in this code. Ultrasoft pseudopotentials are used with a plane-wave cutoff of 30 Ry for the wavefunction and 300 Ry for the charge density to ensure forces and spin state splittings are converged with respect to basis set size. 25 Semi-core states (3s and 3p) are included in the valence alongside the 3d and 4s states for the early-and mid-row transition-metals (Sc-Fe), while for late transitionmetals (Co-Zn), only the 3d and 4s states are included in the valence. 26 The harmonic frequencies are obtained from a linear fit to the first derivative of the energy at equilibrium.
Post-Hartree-Fock (HF) approaches are employed to provide an accurate but computationally expensive reference for the density-functional calculations. The single-reference method, coupled cluster with singles, doubles, and perturbative triples [CCSD(T)], is carried out as implemented in GAUSSIAN (Ref. 27 ) with a Pople-style 6-311++G(3df,3pd) basis set. Where literature correlated quantum chemistry (CC) results are available, those are used in place of our own calculations and the level of theory is noted.
III. CALCULATING dU/dR
It is useful to both understand and predict the behavior of the linear-response value of U with variations in position, R. In cases we have studied thus far, 8, 10 dU /dR monotonically decreases in an approximately linear fashion for values of bond distance, r, stretched beyond the equilibrium value, r e . This behavior is likely derived from the decay of hybridization in orbitals as the atoms in a molecular bond are separated. One could therefore calculate U at several points and interpolate to get an approximate expression of the variation of U with position. However, we will show that it is possible to obtain dU /dR from quantities already calculated during the linear-response U calculation at fixed position.
Recall that the Hubbard U is the unphysical curvature of the energy with respect to occupations and that the derivative of U with respect to coordinates takes on the form,
Generally, we do not measure the curvature of the energy with occupations directly but we instead calculate the linearresponse U by measuring the reorganization of occupations with respect to a rigid potential shift on the levels of the localized manifold,
In order to determine the dependence of U on internuclear separation, we can first look at how χ , the response function, varies with R
Rearrangement of the derivatives enables us to identify a quantity we already calculate: the derivative of the localized manifold's occupations with respect to internuclear separation, ∂n/∂R. 28 This quantity is already calculated as a component in the Hubbard-dependent forces, but it is a partial derivative that we approximate in this case to be equivalent to the total derivative dn/dR, which would normally include an additional term comparable to (∂n/∂ )(∂ /∂R).
28 By choosing to describe ∂n/∂R in each iteration, we can then examine the dependence of this occupation derivative on the value of α.
We can rearrange the expression for the dependence of χ on R to obtain instead an expression for dU /dR by first recalling the relationship between U and χ ,
The relationship between dχ/dR and dχ −1 /dR is straightforward and this permits us to express dU /dR in terms of quantities we already intend to calculate, χ = dn/dα and ∂n/∂R,
We may calculate dU /dR at the same time as we calculate the linear-response U, using quantities that are already calculated during the course of a standard calculation to determine the value of the linear-response U.
We now use the a 
The calculated values of the bare (black circles) and self-consistent (red circles) response functions, χ , compared to a forward difference approximation on the calculated value of dχ/dR (from Eq. (9)) at 1.6 Å internuclear separation (dashed lines) for a 4 FeO + .
dχ/dR and dχ 0 /dR (see Figure 3 ). The approximation of χ as linear in R is a poor one as it cannot incorporate variations in χ at longer distances from the point at which dχ/dR was calculated. However, the necessary inversion that relates χ with U produces a net cancellation in the errors between the bare and self-consistent response functions that gives us excellent determination of the position dependence of U over a 1 Å range ( Figure 4 ). Net cancellation from the difference in the response functions likely also minimizes any errors introduced by taking the partial derivative of the occupations, ∂n/∂R, as equivalent to the total derivative, dn/dR in our derivation. Therefore, the formal approximation made in our determination of dU /dR has little, if any, practical implications on the quality of the prediction of the dependence of U on R. Ultimately, for highly accurate interpolation of the potential energy surface, one may wish to calculate both U and dU /dR directly for several points along a relevant coordinate. These quantities, alongside an additional metric we will introduce shortly, also serves as a measure of how important a DFT+U (R) approach might be for a given system.
IV. RESULTS OF DFT+U(R) ON MOLECULES
We study the full potential energy curves of ten representative diatomic molecules that span early to late transitionmetal carbides, nitrides, oxides, and fluorides of varying spin and total orbital angular momentum (Table II) . 29 In order to assess the relative importance of variations in linear-response U with change in internuclear separation for these molecules, we determine a few quantities that help us to measure the relevance of a variable-U approach.
We first calculate the linear-response U 0 and selfconsistent U scf 29 at the equilibrium bond length as determined by GGA; these quantities are used for all calculations in the current implementation of DFT+U (Table II) . In addition, we calculate dU /dR, the variation of U with position as calculated at the GGA equilibrium bond length. While the carbides, nitrides, and oxides generally have higher values of U scf than the fluorides, the values of dU /dR are comparable (3-5 eV/Å). The relative variation of U with position may be best measured by a new quantity,
where r U 1 /2 is the displacement from equilibrium bond length (in Å) at which the new value of linear-response U is half of the original U scf value. If the value of r U 1 /2 is small, the DFT+U (R) approach is likely to be important. We provide below some benchmark values of this quantity for several different diatomic molecules.
The smallest values of r U 1 /2 are obtained for a subset of the fluorides at around 0.2-0.3 Å, while more covalent molecules have r U 1 /2 in the range of 0.6-0.9 Å (see Table II ). A reduction of U to half of its original value is a substantial change, and r U 1 /2 under 1.0 Å indicates DFT+U (R) will provide significantly different results from standard DFT+U. The outlier in our data set is 6 + CrF: the value of U changes very little from equilibrium to dissociation, and a standard DFT+U treatment must provide nearly Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp This article has been downloaded from and is intended for personal use only http://www.kuliklab.org identical results to DFT+U (R). This flat dU /dR for 6 + CrF is likely due to the fact that U is of a similar value for the equilibrium and nearly dissociated products, despite significant differences in occupations at these respective points. The easily calculated or predicted metrics, r U 1 /2 and dU /dR, are indicators of the potential utility of DFT+U (R).
Of the diatomic molecules we have previously studied with standard DFT+U, the transition-metal carbides and transition-metal nitrides have had the poorest agreement between simulation and experiment where energetics and structural properties were available. 10 Table II (Table III) . The bond distance elongates by 0.24 Å, the harmonic frequency is reduced to half of the GGA value, and the dissociation energy is reduced by 1.2 eV. These structural changes are due to changes in the molecular orbitals, which have the nominal electron configuration
The population of a minority spin σ (4s) bonding orbital declines with increasing U and the population subsequently increases in previously unoccupied majority spin σ * and π * orbitals. This net increase in spin on iron corresponds to a decrease in covalent character that is responsible for the longer bond in DFT+U scf, av calculations. With respect to an average-U approach, DFT+U (R) significantly improves the structure (r e = 1.64 Å, ω e = 674 cm −1 , D e = 2.9 eV) when compared against CCSD(T) (r e = 1.57 Å, ω e = 624 cm −1 , D e = 2.9 eV) and experiment (r e = 1.59 Å).
Cobalt monocarbide is isoelectronic with FeN but has an X 2 + ground state with a valence electron configuration of σ 2 π 4 δ 4 σ (4s) 1 . Bond elongation over GGA is a moderate 0.02 Å for both DFT+U scf, av and DFT+U (R) and changes in ω e and D e are comparable between the methods (Table III) . The absence of a high-energy, minority spin σ (4s) orbital in this symmetry explains the lack of large scale struc- 33 and experiment, 30, 31 and the more rigorous DFT+U (R) preserves these features.
The a 2 − state of CrN has a longer displacement metric than CoC or FeN but is still relatively short at 0.9 Å. The DFT+U scf, av results decrease the harmonic frequency by over 200 cm −1 , reduce the dissociation energy by 2 eV, while elongating the bond length by only 0.03 Å with respect to GGA (Table III) . Such a variation in the harmonic frequency is likely derived from the σ 2 π 4 δ 2 σ (4s) 1 electron configuration, where σ (4s) is minority spin, in a manner similar to that for X 2 FeN. These results on CrN highlight the fact that the displacement metric reflects only averaged distance dependence and does not indicate the character of the orbitals (bonding, non-bonding, or anti-bonding) that change occupation most significantly over changes in coordinates. Use of a DFT+U (R) approach compensates for some of the excessive decrease in ω e by standard DFT+U scf, av in improved agreement with correlated quantum chemistry while also providing consistent values of r e and D e (Table III) . The significant improvement in structural properties for the carbides and nitrides discussed here suggests that a DFT+U (R) approach is critical for this class of compounds.
Transition-metal oxides are relatively well studied, and we have previously studied a large number of these molecules with the constant-U DFT+U approach. 7, 8, 10 We now consider a few representative transition-metal oxides: X 3 TiO, X 4 − VO, and a 4 FeO + . Of the three molecules, FeO + has the shortest displacement metric of 0.6 Å and the largest value of U 0 (6.3 eV). However, the range of values of U (around 4.5 to 6.5) and r U 1 /2 (0.6 to 0.9 Å) is narrow, and we expect all three molecules to behave differently when comparing DFT+U (R) and DFT+U scf, av approaches.
We have previously studied in depth the a 4 state of FeO + , 7, 8 which has a bond length of 1.58 Å and harmonic frequency of 1038 cm −1 when calculated with GGA. Inclusion of a U 0 = 6.3 eV (as calculated at the GGA r e ) decreases the apparent bond order of this system resulting in a 0.22 Å bond elongation and lowering the harmonic frequency by over 400 cm −1 (Table IV) . The DFT+U (R) result, strongly motivated here by a large dU /dR, yields much improved structural properties (r e = 1.75 Å, ω e = 720 cm −1 ) versus coupled cluster values (r e = 1.70 Å, ω e = 705 cm −1 ). Additionally, the dissociation energy which is significantly underestimated for DFT+U scf, av at 1.7 eV with respect to the CCSD(T) value of 3.0 eV, is in much better agreement with DFT+U (R) (D e = 3.2 eV). As an indication of the smooth quality of the potential energy curve obtained from DFT+U (R) and its relationship to the GGA and standard DFT+U potential energy curves, we plot all three in the right panel of Figure 2 . The U (R) curve at small r strongly resembles the DFT+U curve, while it more closely tracks with GGA for larger r.
The ground states of TiO and VO, Table IV . The results from DFT+U (R) for both states, which also have nearly identical values of dU /dR = −3 eV/Å, improve upon the DFT+U scf, av harmonic frequency by around 30 cm −1 . Overall, most quantities are in improved agreement with both quantum chemistry and experiment when calculated with DFT+U (R) over the standard DFT+U scf, av approach (Table IV) . Despite small values of linear-response U associated with strong ionic character in transition-metal fluorides, these molecules are quite sensitive 10 to the value of U, as very small r U 1 /2 metrics of 0.2-0.3 Å suggest. We present results here of our investigation on several representative transition-metal fluorides: a (Table V) . Although GGA results demonstrate typical overbinding, the equilibrium bond distance, harmonic frequency, and dissociation energy are within 0.03 Å, 21 cm −1 , and 0.1 eV of the experimental values. The DFT+U scf, av results (U scf = 4.0 eV) are instead underbinding, most notably by underestimating the harmonic frequency by 46 cm −1 and the dissociation energy by 0.8 eV. The electron configuration of a 3 ScF is nominally δ 1 σ 1 , where the σ orbital is a strong mixture of 4s and 3d z 2 states. The most significant difference in the population of 3d-derived states after inclusion of a Hubbard term is a decline in the overall covalent character of these orbitals. The DFT+U (R) results recover some of the good structural properties of GGA, while providing even better agreement with experiment: a bond length within 0.01 Å, harmonic frequency within 5 cm −1 , and a consistent dissociation energy.
The midrow transition-metal fluorides, X those calculated with GGA (Table V) , and these structural changes are much larger than those undergone by oxides over a similar range of values of U. 8 Inclusion of U-variation through DFT+U (R) recovers improved agreement with correlated quantum chemistry and experiment (see Table V) .
The ground state, X 6 , and lowest lying excited quartet state, a 4 , of FeF both have the electron configuration σ 2 π 2 δ 3 , with the spin of the σ orbitals either being parallel or anti-parallel, respectively. The geometric structure of these two states is similar when calculated with GGA (Table V) . The DFT+U (R) structural properties are in good agreement with both experiment and correlated quantum chemistry, notably by increasing the harmonic frequency of a 4 over that obtained from GGA alone and in improved agreement with experiment.
Errors for the transition-metal carbides, nitrides, oxides, and fluorides GGA and DFT+U with both constant U scf and variable-U (R) approaches are reported in Table VI . The absolute average and maximum errors are all reduced by two-to four-fold with DFT+U (R) from their values in DFT+U scf, av . The harmonic frequencies and dissociation energies from the DFT+U (R) approach are superior to the other two methods and the bond lengths are in closer agreement with GGA and experiment. We note that a variable-U will always produce a more rigorously correct result over the standard averaged U approach, but bond lengths may be further improved through inclusion of inter-site, or "+V", terms in the model Hubbardlike functional.
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A. State splittings from DFT+U(R) curves
The interplay between multiple states of differing spin or electronic character is vital in some cases, such as those where reactivity is determined by surface crossing points. If
Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp the value of Hubbard U for both states remains very similar, it is straightforward to align the two states at a point in the region of interest where the values of U are the same. In many cases, the value of U for the two states will differ over the region of interest, but there are alternative alignment schemes that are equally valid and based on the chemistry of the relevant systems.
In the case of diatomic molecules, if the two states share the same dissociation limit, alignment of the curves as r → ∞ is quite simple. An extension to larger molecules is also possible if the important U (R) coordinates correspond to dissociation events (e.g., molecular oxygen on different states of porphyrins). If the dissociation limits differ, the two states could instead be equivalent at the united atom limit, and an alignment as r → 0 may instead be possible. 46 An example of the united atom alignment applied to the DFT+U (R) 6 and 4 FeF energy curves is given in Figure 5 . Alignment of the DFT+U (R) curves recovers a 6 → 4 splitting of 0.60 eV, in remarkable agreement with the experimental value of 0.62 eV (versus a standard DFT+U scf, av approach which predicted a splitting of 0.39 eV). Ultimately, our aim is to align the two DFT+U (R) curves in a manner that leads to the cancellation of the energetic error associated with the arbitrary, U-dependent shifts in energy in DFT+U (R). Total energies may be compared across two states at the same value of U, and the reference point should be chosen to be one in which both states are in a similar bonding regime. 
B. Building variable-U potential energy surfaces for polyatomic systems
Until this point, we have largely focused on the lowdimensional cases of diatomic molecules where R refers simply to the interatomic distance between the two atoms that comprise the molecule. However, the DFT+U (R) approach may be straightforwardly applied to a greater number of dimensions in the reaction coordinate. In polyatomic systems, many of the potential degrees of freedom do not alter the occupation matrix of a relevant transition-metal site and can thus be ignored by DFT+U (R). In particular, we note that the directly coordinated species are likely to have the most immediate effect on the value of U that we calculate, and typical transition metals are at most six-coordinate. In addition to this restriction, most reaction coordinates focus on the making or breaking of only a few bonds. As an example, we consider the simple reaction of H 2 on FeO + that we have previously described in detail. 7 This four atom system has six internal degrees of freedom, but we show in Fig. 6 that only three degrees of freedom define the reaction step of interest. In particular, we focus on the second, elimination step of this reaction where one hydrogen is transferred from iron to oxygen to form a leaving water molecule. In this step, the hydrogen transfer is fully described by only three coordinates: (1) ironoxygen bond distance (R Fe−O ), (2) transferring hydrogen to iron-oxygen bond midpoint distance (r H−X ), and (3) the angle formed by bonds 1 and 2 (θ ). In fact, r H−X is fully dependent on θ and so we may describe the reaction instead in terms of only two variables. Still, for those two variables, one may define a surface of values of U that, as shown in Figure 6 , varies to a greater degree over θ than over R Fe−O , as is chemically intuitive.
In turn, we may define a smoothed variable-U potential energy surface that incorporates these linear-response U variations. The result is the variable-U PES will resemble GGA+U results for small θ and GGA results for large θ . For clarity, we report only the minimum energy path, a one-dimensional representation of all relevant coordinates, This article has been downloaded from and is intended for personal use only http://www.kuliklab.org that we obtain with this approach (Fig. 6) . The variable-U results for this system are in improved agreement with CCSD(T) over either standard DFT or DFT+U scf, av . In this small molecule case, we explicitly calculated all the points on the potential energy surface, but it is straightforward to also incorporate variation in U into the determination of forces. The result is that the extension of DFT+U (R) to transitionstate finding techniques, such as nudged elastic band, is trivial.
V. CONCLUSIONS
We have introduced a new DFT+U (R) approach that overcomes the one major shortcoming of previous DFT+U studies: an average of Hubbard U values is no longer required when comparing points along a potential energy surface that possesses strong variation in U. We have shown several diatomic molecule examples where this positiondependent DFT+U (R) approach provides a two-to fourfold improvement over already quite good DFT+U results. The DFT+U (R) method reduces errors in binding energies, frequencies, and equilibrium bond lengths by applying the precise, linear-response U for each configuration considered. This approach is likely critical for describing reaction coordinates that are defined by dramatic changes in hybridization for the relevant transition-metal center. For periodic systems, where equilibrium bond distances are most relevant and bond-breaking events are more rare, our approach becomes more equivalent to a structurally consistent DFT+U approach. 19 Nevertheless, variations of U with strain in a crystal could be straightforwardly incorporated in order to obtain improved DFT+U (R) stress calculations and variable cell simulations. Further improvement upon DFT+U (R) bond lengths may be achieved most straightforwardly through inclusion of inter-site, or "+V", terms in the model Hubbardlike functional as has been recently introduced 16 and demonstrated on molecules. 17 We have proposed two metrics that reveal the relative importance of a DFT+U (R) approach for a given system: (1) the change in U with change in coordinates and (2) the bond displacement that yields a new linearresponse U that is half of the one obtained at the equilibrium bond distance. Importantly, we predict dU /dR from a handful of additional quantities that are already determined in the standard linear-response procedure for a single configuration. This DFT+U (R) extension to the already successful DFT+U approach may be straightforwardly applied with scaling comparable to standard semi-local exchange-correlation functionals, thus permitting unprecedented accuracy in simulations of transition metal complexes several hundreds of atoms in size. 
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APPENDIX A: AN ALTERNATIVE CALCULATION OF dU/dR FROM FORCES
We present an alternate method for calculating dU /dR by considering the relationship between the position dependence of U and the Hellmann-Feynman forces at a given position. Recall that the U we calculate is a measure of the second derivative of the energy with respect to occupations,
The position-dependence of U may therefore be recast in terms of an occupation-dependent force,
since the total derivatives are, by definition, symmetric. 28 We do not wish to directly constrain occupations to obtain this second derivative but rather work within the linear-response framework of the DFT+U approach to obtain an analogous expression of d 2 F/dn 2 in terms of quantities that depend on the rigid potential shift, α, and on the linear response function, χ . The Hellmann-Feynman forces are a function of occupations, n, position, R, and rigid potential-shift α, while the occupations themselves are also dependent upon α and R.
Using the multivariable chain rule for dF/dα gives us
where the single expression on the right-hand side occurs as a result of both α and R being independent variables. Rearrangement of this expression in terms of dF/dn permits us to differentiate again,
The final expression for d 2 F/dn 2 in terms of only derivatives in α and expressions in χ is A simplification to the above expression reveals that dU /dR may be calculated from quantities that would be determined in a standard linear-response U calculation,
where χ is the linear response of the localized manifold and forces may be determined at varying α alongside the occupations. A shortcoming to this approach is that the second derivatives of forces must be calculated, necessitating much larger values of α in order to capture curvature in the forces, at odds with the linear-response procedure for U determination. An example of the behavior of F with respect to α appears in Figure 7 along with a sample quadratic fit. The small values of the derivatives on forces means that this procedure is more likely to suffer from numerical noise, which is the likely source of scatter in dU /dR integrations in Figure 8 . This calculation may be more robust for a number of cases where a curvature in the forces may be easily fit, but it also provides a point of comparison against the earlier described approach for determining dU /dR from derivatives in occupations.
